In this paper, the extended tanh and hirota methods are used to construct soliton solutions for the WuZhang (WZ) system. Singular solitary wave, periodic and multi soliton solutions of the WZ system are obtained.
Introduction
The mathematical modeling of scienti c systems is generally expressed by nonlinear evolution equations. Therefore, it is crucial to nd general solutions of these corresponding nonlinear equations. The general solutions of these equations can provide valuable information about the character and the physical structure of the equations. These are very important for physicians and engineers. Solitons are of general physical interest since the soliton approach is universal in di erent elds of modern non-linear science. Solitons are de ned as localized waves that propagate without change of their shape and velocity properties. they are also stable against mutual collisions [1] . There are various solutions to solitons that are obtained by incorporating techniques of integrability. Most of these methods use the wave variable transformation to reduce the nonlinear partial di erential equation (NPDE) to an ordinary di erential equation (ODE) in order to acquire the soliton solution. Some of these methods are G ′ /G -expansion [2] , Jacobi elliptic function [3] , inverse scattering [4] , Hirota bilinear [5] , exp-function [6] , and the rst integral [7] methods. There are also e ective studies for acquiring traveling wave solutions of NPDE's [8] [9] [10] [11] [12] [13] [14] [15] [16] [17] . It is very important to determine the propagation behaviour of traveling waves and the wave's stability in the presence of perturbations to comprehend the complex dynamics underlying coupled NLPDEs . In recent years, one of these coupled NLPDEs the WZ system has been studied by many researchers. These studies include the rst integral method [18] and the ansatz method [19] . WZ systems with time dependent ce cients has been studied by Baleanu et al. [20] . We have used the WZ system as
where q is the elevation of the water and p is the surface velocity of water. The system of Equation (1) and Equation (2) is indeed completely integrable because they have Lax pairs [21] . For simplicity,rearrange the WZ system, by using a Miura type transformation, in single form. Take p = wx and hence q = −w t − w x . Therefore the single form of the WZ system is w tt + wxw xt + w t wxx + w x wxx − wxxxx = . (3) The organization of the manuscript is given as follow:
In the rst section, we have presented the introduction. In second section, we provide mathematical formulation of the generalized extended tanh method and acquire some new optical soliton solutions of the WZ system. In the third section, we apply the Hirota method to acquire multi soliton solutions of the WZ system. In the last section, we present some conclusions about obtained solutions. Sirendaoreji [22] presented an algebraic method to determine di erent forms of solitary wave solutions of PDE's. Then Xueqin [23] extended Sirendaoreji's method and obtained di erent explicit and exact solutions from the Sirendaoreji's method with the aid of an auxiliary ordinary equation:
The generalized extended tanh method
where A, B and C are constants. It has the following solutions,
Here, our aim is to transform the WZ system to the form of Equation (3) and obtain the di erent solutions of the WZ system from the obtained ones in literature with the solutions (5)- (8) . Equation (3) transforms to the following ODE by using the wave variable transformation ξ = k (x + λt):
By integrating Equation (9) and using the transformation W = w ξ we have:
If we subtract Equation (10) with the respect to W ξ and then integrate once again, it reduces to the desired form of Equation (4)
With the aid of the solutions of (5)- (8),the following solutions of Equation (11) arise:
Several transformations were used to reach the solutions (12)- (15) . For solution (12) , we use the transformation W = w ξ , and thus we have:
(16) Then from the transformations p = wx, q = −w t − w x and ξ = k (x + λt) respectively, the solutions of the WZ system are as follows
In the same manner, similar calculations can be done for the other solutions (13), (14) and (15) .
Hirota method
In this section, we illustrate the Hirota method [24] to acquire another type of solutions-multi soliton solutions of the WZ system. Firstly, we have to apply the following Miura type transformation to obtain the WZ system's reduced form's operator form
When the transformation (19) is applied to the WZ system, the following partial derivatives of the reduced form of the WZ system are generated.
If we substitute the expressions in (20) into the Equation (3), we obtain the bilinear form of the WZ system in the operator form. D is the characteristic linear operator of the Hirota method and f (x, t) is the auxiliary function. The Hirota bilinear form of Equation (3) is as follows:
(
For the Hirota method, the auxiliary function f (x, t) in (21) has a perturbation expansion. Its perturbation expansion is given by:
such that ε is a small parameter.
To reach the multi soliton solution or N-soliton solution we have,
such that
We nd the dispersion as
and substituting the dispersion relation term (25) into (24) yields:
where
Therefore, we have the following auxiliary function f (x, t) for N = in (23)
Consequently, 1-soliton solution of the WZ system is obtained as
So, from the transformations p = wx, q = −w t − w x , the 1-soliton solutions of the WZ system are:
If we take N = in Equation (22) for the 2-soliton solution of the WZ system, then we have the following expression:
and it is achieved such that
where the generalized phase shift A(i, j) is de ned by
Thus, from the Equations (32)-(34) it is acquired as
It can thus be seen that the phase shifts depends on all the parameters. If we put (35) into (19), then 2-soliton solution of the WZ system is obtained as
In the same manner for N = , we have the following solution for N = :
So, the 3-soliton solution for < i < j < is given as
If we replace the expression ( ) in ( ), then 3-soliton solution of the WZ system has been obtained
then in the same manner, from the transformations p = wx, q = −w t − w x , the solutions of the WZ system are obtained. The higher level soliton solutions, for N ≥ can be obtained in a parallel manner. This con rms the fact that the WZ system is completely integrable and gives rise to multiple soliton solutions of any order.
Conclusion
In this work we studied the WZ system. We used the generalized extended tanh and Hirota methods to construct new exact soliton solutions of the WZ system. Some of the solutions are singular solitary wave and periodic solutions types. Furthermore, multi soliton solutions are obtained as well. Based on this study, it could be said that the generalized extended tanh method has some advantages about the variety of the solution types over the Hirota method. On the other hand Hirota method has advantages about the more general solution (solutions can be obtained depending on N). These two models are presented together in this work for the rst time. These methods can be applied to nonlinear evolution equations. For the next study, we will discuss the WZ system for integral motions with the aid of He's variational principle.
